The paper presents the automatic control of aircraft in longitudinal plane, during landing, by using the linearized dynamics of aircraft, taking into consideration the sensor errors and other external disturbances. Aircraft auto-landing is achieved by combining two control techniques: H 2 and H ∞ approaches; this way, a robust H 2 /H ∞ controller is obtained. Within the robust H 2 /H ∞ controller, the weights of the H 2 and H ∞ control techniques are adjusted such that the aircraft accurately tracks the desired trajectory during the two main stages of the landing process (glide slope and flare). The new automatic landing system also consists of: a subsystem which models the geometry of landing, providing the imposed value of aircraft longitudinal velocity and altitude, an optimal observer for the estimation of aircraft state and a dynamic compensator providing one of the two components of the mixed H 2 /H ∞ control law. The theoretical results are validated by numerical simulations for the landing of a Boeing 747; the results are very promising and prove the robustness of the new auto-landing system even in the presence of disturbances.
Introduction
Having in mind that aircraft landing is the most difficult flight phase, the aircraft control during this stage has both theoretical and practical importance. In the last decades, special attention has been paid to the design and development of robust automatic landing systems (ALSs) which should be able to counter wind turbulence, as well as wind shears, measurement noises, and so on [1] . The controllers which are used within such ALSs are proportional-derivative (P.D.) type, proportional-integral (P.I.) type, proportional-integral-derivative (P.I.D.) type, in classical of fuzzy variants [2, 3] . Other structures of ALSs use optimal controllers consisting of state observers [4] . Also, the use of optimal control laws (H 2 , H ∞ , H 2 /H ∞ ) together with full-or reduced-order observers, provide good results [5, 6] . For a safety landing, the required information is obtained by means of gyro transducers, accelerometers, or radio-technical transducers whether or not the landing control architecture includes an observer [7] .
The conventional controllers designed for landing are easy to software implement, but these controllers have not satisfying performances and robustness, especially in the cases of strong disturbances and uncertainties [8] ; the robustness of these controllers can be improved by using optimal synthesis, the dynamic inversion based synthesis [9] , structured singular value μ-synthesis, sliding mode control [10] , or fuzzy techniques [11] .
The solving of an optimal problem means to determine the input of a system by minimizing/maximizing of a given cost functional and satisfying a set of constraints [12] [13] [14] [15] [16] . The control input that yields an extreme of the cost functional is known as the optimal control and the corresponding variation of the state variables is called the optimal trajectory. Some simple optimal control problems can be solved analytically, while different direct methods [13] are used to approximate the solution in the case of general optimal control problems.
The aim of the H 2 control method is to improve the overshoot of the dynamic processes; the method is based on the minimizing of a cost function such that the gain matrix for aircraft trajectory optimization assures a good damping of dynamic processes [16] . The H ∞ technique is a very good choice for the minimization of the disturbances effect on the system output variables (imposed as performance variables); the H ∞ control method combines the classical shaping and the notion of bandwidth with modern H ∞ robust stabilization. In this paper, the two optimal control methods are combined by means of an intelligent algorithm and a mixed H 2 /H ∞ control law will be obtained [8, 16] . This paper focuses on the automatic control of aircraft in the longitudinal plane during landing by using its longitudinal dynamics and taking into consideration the sensor errors and other disturbances. Our aim is to design a new landing control system in the longitudinal plane by using a combination of the H 2 and H ∞ control techniques. The motivation of this study is the small number of H 2 /H ∞ controllers designed for the control of aircraft landing. The ALS designed in this paper represents an improved version of the ALS designed in [14] differing from it by the following items: a) a mixed H 2 /H ∞ optimization control instead of the H ∞ optimization approach which deals with bounded exogenous signals; b) a subsystem which models the geometry of landing and provides the imposed value of the aircraft longitudinal velocity and altitude); c) an optimal observer to estimate the aircraft state in the presence of external disturbances and sensor errors; d) a dynamic compensator providing one of the two components of the mixed H 2 /H ∞ control law. Also, the present work is a continuation of the studies in [15] , where a robust ALS has been designed by using the H 2 and H ∞ techniques taking into consideration the sensor errors and other different disturbances. The main differences between the ALS designed in [15] and the one proposed here are: 1) the architecture in [15] controls the aircraft velocity (V x ) and pitch angle    , while the new ALS in this paper controls the aircraft velocity and its flight altitude (H), respectively;
2) The ALS in [15] has feedback (measurements) after the pitch angle, while the present work has feedback after the altitude of aircraft; 3) the ALS in [15] has, as output controlled variable, the descend acceleration of aircraft  , H   while here, one of the two output controlled variables will be the normal acceleration measured by an accelerometer situated at distance l x from aircraft gravity center.
Landing Geometry and Aircraft Dynamics

Landing Geometry
The landing procedure involves three main phases: initial approach, glide slope, and flare [12] . The initial approach means the descend of aircraft from the cruise altitude to approximately 420 m above the ground for heavy aircraft or less (light aircraft). Next step is the positioning of aircraft such that it is on a heading towards the runway centerline [15] . During next two stages, the speed and the pitch angle must be controlled; as airplane descends to 7-30 m (the maximum value is for Boeing 747), the slope angle control system is disengaged and a flare maneuver is executed [16] . The vertical descent rate is slightly decreased so that the landing gear may be able to dissipate the energy of the impact at landing. The pitch angle of the airplane is then adjusted, between 0 to 5 degrees for most aircraft, to allow a soft touchdown on the runway surface [14] .
For the glide slope phase ( ,
with   the time constant that defining the exponential curve associated to the trajectory during the flare.
Aircraft dynamics
The linearization of an aircraft nonlinear dynamics can be made by means of the small disturbances' method with respect to an equilibrium trajectory, usually associated with the sea level [15] ; we use in this paper the linearized dynamics of a Boeing 747. In longitudinal plane, the state equation associated to this dynamics is [15, 17] :
where 
One can consider p  and T  (the outputs of the actuators)
as new states; the equations describing these are:
in these circumstances, the new command vector is
while the new state vector becomes: 
Design of the H 2 /H ∞ Control Law and of the new ALS
Aircraft Control during Glide Slope
In this section, one designs a controller for the control of the glide slope phase; for this, two output controlled variables are chosen; the first one is z 0 -the acceleration normal to aircraft gravity center  
. . defined as follows [8] :
Replacing V z from the second equation (7) in the first one, one gets: 
Taking into account the previous equation, the new state associated to the glide slope landing phase is
equations (7), (8), and (6), the matrices from (3) 
Denoting the vector of disturbances which interfears in the equations of , , , ,
one obtains the matrix: 
The variable z 0 can be expressed as follows:
with c 1 -positive constant. The second variable (the second output controlled variable) is z 1 -the normal acceleration which is measured by an accelerometer situated at distance l x from aircraft gravity center; its expression is [8] :
taking into account the second and the third equations (6), this equation gets the form: 
The variable z 1 has the form:
( 1 1 ) one obtains:
The equation of the measurement system is [16] :
( 1 2 ) where e is the vector of sensors' measurement errors: 
The equations (3), (10), (11) , and (12) may be combined into the following matriceal equation:
For the calculation of the first optimal command   
( 1 5 ) where x is the aircraft's estimated state (provided by an optimal observer), while the   8 8 matrix P (symmetrical and positive defined) is the solution of the Riccati matriceal equation [8] :
. 0
To obtain the aircraft's estimated state, one borrowed the observer from in [19] : 
in this case, the optimal control law has the form: ; , , 
with . 
In order to obtain an optimum for the control law calculated both with H 2 and H ∞ approaches, i.e. to obtain the expression of the H 2 /H ∞ control law, the following algorithm [8] is used:
Step 1: Determination of the norms H 2 and H ∞ associated to the solutions of the four Riccati equations.
Step 2: Calculation of the matrices
Step 3: Check of the following conditions' fulfillment [8] :
. , 0 ,
Step 4: Choosing of the constant k and the running of the steps 2 and 3 until the conditions in step 3 are met;
Step 5: Obtaining of the control law's final expression (combining the H 2 and the H ∞ approaches) with the equations:
, ,
and the obtaining of the observer gain matrix's final expression:
Aircraft Control during Flare
For the second landing main phase (flare), the aircraft state is , 
In this case, the matrices A and B become: 
The matrices , , , 2  11  32  22  31  21  34  24   33  0  23  32  22  0  31  21  0  1  1   01  22  21  24  0  23  22  0 
while the vectors y and e are: 
according to these forms, the matrices C and D 22 become: 
Equation (14) is changing as follows:
General form of the H 2 /H ∞ control law and the structure of the new ALS
The control law is calculated by using the equations [15] : (21) where û is the optimal command calculated by means of the H 2 /H ∞ method, while the component dc u is the output of a dynamic compensator. The reference vector of the system is
where x V is the imposed longitudinal velocity; H c (the calculated flight altitude) is obtained through the integration of , c H  which is calculated, for the glide slope phase, with (1); for the second main phase of landing (flare), H c is obtained by means of equation (2).
The structure of the new automatic landing system using a H 2 /H ∞ controller, a dynamic compensator, an optimal observer, and the geometry of landing is presented in Fig. 1 . Here, the matrix C r has the form: ) associated to the dynamic compensator will be obtained either by imposing desired roots (solutions) for the characteristic equations of the linear closed loop subsystem with negative unitary feedback or by means of the ZieglerNichols tuning rules [15] .
To obtain the desired landing trajectory, one has to control two variables: the forward speed (V x ) and the altitude (H). According to the landing requirements for Boeing 747, the aircraft must descend from the cruising altitude to a lower one (around 420 m). Meanwhile, the aircraft speed is also reduced from the cruising value to an approach value and, after that, it remains constant. So, when one controls the desired trajectory, one firstly chooses the desired forward speed V x [15] .
Numerical Simulation Results
In order to validate the automatic landing system designed above, one considers the dynamics of a Boeing 747 during 
Matlab/Simulink environment has been used to validate the new ALS for landing control in longitudinal plane. Because the H 2 /H ∞ technique deals with linearized dynamics, one used here the linear dynamics of aircraft. The advantage of this technique is that it handles the plants having sensor errors and other disturbances -a real problem during aircraft landing. We neglected the timedelays and we considered the biases of the sensors -the only sensor errors (the measurement noises have been not taken into account) [16] . The solving of the four Riccati equations is achieved in Matlab/Simulink by means of ric_eig instruction; it is useful in the case of solving Riccati equations of form: 
The Matlab/Simulink model for the software implementation of the ALS in Fig. 1 (glide slope) and the Matlab/ Simulink models for its two main subsystems are presented in Fig. 2 ; the Matlab/Simulink model for the flare is similar to the one in Fig. 2 , being not presented here. Fig. 2 . Matlab/Simulink model for ALS in Fig. 1 (a) , subsystem "Dynamic compensator" (b), and subsystem "Longitudinal dynamics" (c) In Figs. 3 and 4 one represents the time characteristics for the glide slope and flare, respectively; the characteristics have been represented for the new automatic landing system affected by disturbances in the presence of sensor errors.
The landing begins at a longitudinal speed initially exceeding the nominal speed by 70 m/s (see the first graphic in Fig. 3) ; the speed should be reduced to the normal speed (70 m/s) and then kept at this value. The optimal control system associated to aircraft flight during landing in longitudinal plane, based on H 2 /H ∞ technique, assures the convergence H  H c . The time origin for the flare trajectory is chosen zero when the altitude is H=H 0 =30 m (the altitude at which the glide slope phase ends). During the second phase of landing, the trajectory corresponds to a desired exponential curve. A brief comparison between the ALS designed in this paper and the ones based on an Instrumental Landing System or conventional/fuzzy control using the system's state [17] leads to the conclusion of better transient regime period and overshoot due to the H 2 /H ∞ control technique. Good performances have been also obtained by using fuzzy controllers [22] , but those ALSs cannot be used for strongly nonlinear dynamics.
Conclusion
Aircraft auto-landing has been achieved by combining the H 2 and H ∞ control techniques; this way, a robust H 2 /H ∞ controller has been obtained. Within the robust H 2 /H ∞ controller, the weights of the H 2 and H ∞ control techniques are adjusted such that the aircraft accurately tracks the desired trajectory during the two main stages of the landing process. The advantage is the applicability to problems involving multivariate systems with cross-coupling between channels. The H 2 control method is useful for improving the overshoot of the dynamic processes, while the H ∞ control method combines the classical shaping and the notion of bandwidth with modern H ∞ robust stabilization. The new designed ALS is designed for the control of landing in the longitudinal plane but, with some changes, it can be applied to aircraft motion in lateral-directional plane. The simulation results are promising and show the robustness of the ALS even in the presence of disturbances and sensor errors.
